Abstract. We give a lower estimate of the framing function of knots, and prove a strengthened version of Dehn's lemma conjectured by Greene-Wiest. 
As is observed in [GW] , this theorem can be understood as a strengthened form of Dehn's lemma. Dehn's lemma [P] says that if K admits a compressing disc D without holes, then K is unknot. Theorem 1 says that one can weaken the hypothesis as K admits a compressing disc with two holes of opposite sign.
First of all, we give a lower bound of n K (0) in terms of the genus of K. Although this estimate is a direct consequence of Gabai's theorem on immersed Seifert genus, it gives rise to a new insight for the framing function: As is observed in [GW] , the definition and several calculations of framing function suggest that the knot framing function n K is related to four-dimensional invariants of knots, like the signature and the unknotting number. The following estimate demonstrates that n K is also related to three-dimensional invariants of knots.
Proof. Assume that n K (0) = 2m. Let D : D 2 → S 3 be a compressing disc with m positive holes and m negative holes. As observed in [GW] , we may assume that D is an immersion. For a pair of a positive hole p and a negative hole n of D, we remove small neighborhoods of p and n and attach a thin tube contained in a neighborhood of K, as shown in Figure 1 . This gives rise to an immersion I : Σ = Σ m,1 → S 3 , where Σ m,1 denotes the closed oriented genus m surface minus disc.
I is an embedding near K = ∂Σ and I −1 I(∂Σ) = ∂Σ, so I is an immersed Seifert surface of K. Since the immersed Seifert genus is equal to the usual genus of K [Ga, Corollary 6.22 Proof of Theorem 1. Assume that there exists a non-trivial knot K with n K (0) = 2. By Proposition 1, if g(K) > 1, then n K (0) ≥ 4 so g(K) must be one. Let D be a compressing disc of K with exactly one positive and one negative holes.
From the proof of Proposition 1, by attaching a tube to D, we get an immersed Seifert surface I : Σ 1,1 → S 3 of genus one. Take a loop γ ⊂ Σ 1,1 so that it is homotopic to the co-core of the attached tube. Then the loop I| γ :
. Let F be a genus one, embedded Seifert surface of K and let M be the closed 3-manifold obtained by 0-framed surgery along K. By attaching discs to F , we get an incompressible torus F in M . Similarly by attaching discs to the boundary of I(Σ 1,1 ), we get an immersion of a torus I : T 2 → M . We will show that [ I(γ)] = 0 ∈ H 1 (M ). Since the inclusion S 3 − N (K) ֒→ M induces an isomorphism on the first homology group, this implies that [I(γ)] = 0 ∈ H 1 (S 3 − K). This is a contradiction, which complete the proof of Theorem.
By homotopy, we put the immersed torus I(T 2 ) so that it is minimally transverse to F . Here minimally means that the number of the connected components of the preimages of the intersection I(T 2 ) ∩ F is minimum. First assume that I(T 2 ) does not intersect with F . This implies that all loops on I(T 2 ) are null-homologous in M , so [ I(γ)] = 0 ∈ H 1 (M ). Hence we assume that I(T 2 ) has non-empty intersection with F . We take a base point of M so that it lies on F . Take a simple closed curve α on T 2 so that the image of the loop I| α lies on the intersection F ∩ I(T 2 ). Since we have assumed that I(T 2 ) is minimally transverse to F , α is an essential simple closed curve on T 2 . We denote the loop I| α by A. The loop A is not null-homotopic in M , because otherwise by compressing I(T 2 ) along α, we get an immersed sphere. Since [ I(T 2 )] = [ F ] = 1 ∈ H 2 (M ), this sphere is not null-homotopic. This contradicts the fact π 2 (M ) = 0 [Ga2, Corollary 8.3] .
Take a loop B on F so that {A, B} generates a free abelian group of rank two in π 1 (M ). For a group G and its element x ∈ G, let Z G (x) = {y ∈ G | yx = xy} be the centralizer of x in G. As an element of π 1 (M ), I| γ commutes with A = I| α . Thus both B and I| γ belong to Z π1(M) (A). There are three possibilities for the structure of the centralizer Z π1(M) (A) [J, JS, Fr] :
(ii) There exist h ∈ π 1 (M ) and an incompressible torus T in M such that
First assume that the case (i) occurs, and let g be the generator of Z π1(M) (A). Then A = g n and I| γ = g m for some n, m = 0.
Next assume that the case (ii) occurs. Since A and B are loops on the essential torus F , this shows that the loop I| γ is homotopic to a loop contained in the incompressible torus F . This again implies that [ I(γ)] = 0 ∈ H 1 (M ).
Finally assume that the case (iii) occurs. Then F is an incompressible torus in the Seifert fibered component S. If F is a non-separating torus in S, that is, S − F is connected, then S is a Seifert fibered 3-manifold which is a torus bundle over the circle. This happens only if K is a trefoil, since 0-framed surgery on a knot in S 3 yields a fibered 3-manifold if and only if the knot is fibered [Ga2, Corollary 8.19 ]. However, n Trefoil (0) = 4 [GW] , this cannot happen. Thus, F is a separating incompressible torus of S. Now we put I(γ) so that it is contained in S and transverse to F . F is separating, so the algebraic intersection number of I(γ) and F is zero. This implies that [ I(γ)] = 0 ∈ H 1 (M ).
We close the paper by posting the following conjecture which generalizes GreeneWiest's one. Conjecture 1. n K (0) ≥ 4g(K).
Our results shows that this is the case if g(K) = 1. This is also true for the case K is a torus knot [GW] .
